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Abstract 

We present fermionic sum representation for the general Virasoro 
character of the unitary minimal superconformal series (A = 1). Ex¬ 
ample of the corresponding “finitizated” identities relating corner trans¬ 
fer matrix polynomials with fermionic companions is considered. These 
identities in the thermodynamic limit lead to the generalized Rogers- 
Ramanujan identities. 
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1 Introduction 


One of the puzzling features of the two dimensional systems is the appear¬ 
ance of the characters of the fixed point conformal field theories in the ex¬ 
pressions for the local state probabilities of the lattice models. Corner trans¬ 
fer matrix method Q enables to extract information about lattice models at 
and away of criticality. It turns out that the logarithm of the corner transfer 
matrix is proportional to the Virasoro generator Lq, i.e. their spectra have 
the same degeneracies and spacing. This is rather striking result, since the 
Virasoro algebra is connected with the conformal symmetry, which operates 
only at the critical point, in the continuum limit. 

Another closely related mysterious result is the appearance of generalized 
Rogers-Ramanujan identities (GRR) for the characters of rational conformal 
field theory. Recently numerous generalized Rogers-Ramanujan identities 
[2-7] were found/conjectured for the Virasoro characters. These identities 
relate standard “bosonic” representation with the fermionic-like sums of the 
form: 


^{I{l-C)+U)a 

la 


( 1 . 1 ) 


I restrictions 

where some of the components of the vector u may be infinite, C is symmetric 
matrix, and [^] are Gaussian polynomials defined by 


'^1 _ (g)n 

Tfi (^)m(^)n—m 

n 

iQ)n = 11(1 “ q^), 

1=1 

for integers n > m > 0 and [^] = 0 otherwise. The beautiful formula for the 
general Virasoro character of the minimal unitary models was conjectured in 
[^. The natural question which may be asked is: whether a generalization 
possible for other models? 

In this work we generalize the result obtained in [§, |3|. We conjecture 
the general formula for the Virasoro characters of the unitary supercon- 
formal minimal models generated by the coset construction SU{ 2 )k -2 x 
SU{2)2/SU{2)k- At the last section we will make few steps towards the 
proof of the conjectured identities, namely we will formulate the stronger 
conjecture for the “finitizated” polynomials, which in appropriate limit lead 
to GRR. 


( 1 . 2 ) 

(1.3) 
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2 General Conjecture 


Standard “bosonic” representation for the Virasoro characters of the uni¬ 
tary super conformal minimal models, generated by the coset construction 
SU{2)k-2 X SU{ 2 ) 2 /SU{ 2 )k, are given by [i]: 


OO /-i I OO 

^NS ^ g _ X.O') 


(1-g" 

^=l ^ ^ 


gA- 


j=-oo 


n=l ^ ^ ' j=—oo 

where 


r — s = 0 mod 2, (2.1) 

r — s = 1 mod 2, (2.2) 


lr,sU) = 

{2k{k + 2)j — r{k + 2) + ks)'^ — {r{k -|- 2) — ks)"^ 

(2.3) 

4kik + 2) 

pUi) = 

{2k{k + 2)j -|- r{k + 2) + ks)‘^ — {r{k -|- 2) — ks)"^ 

(2.4) 

4k{k + 2) 


l<r <k-l, l<s<k + l. 

(2.5) 


Let us introduce the following notations: 


Sk-i 


iu\q)= 


E 


MCk-il-^Al 


{q)i2 


n 

a=l,3,../c—1 


la 


( 2 . 6 ) 

where l 2 ,--,lk-i G 2Z>o, Q G (-^ 2 )^ ^ denotes restrictions on summation 
variables I 2 , h-i, Ck-i is the cartan matrix of A^-i and Ik-i is the inci¬ 
dence matrix: 


Ik-1 = 2 - Ck-i, ( 2 . 7 ) 

{Ik—l')a,b ^a,b+l ^a,b—l‘ ( 2 ' 8 ) 

Let also Cq be unit vector in the a direction i.e. {ea)b = Sa,b, and set 
Ca = 0 for a ^ {1, 2,..., k — 1}. 
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It was found in ref. that the identity character of the coset models 
SU{2)k X SU{2)m/SU{2)k+m may be represented in the form (1.1) with 
A = 0, C = Ck+m- 1 , and um = oo, all other Ua = 0, for a = 1,..., K+M—1. 

We conjecture]^ that Virasoro characters of the superconformal minimal 
models may be represented in the form (2.6) with different characteristics 
u, Q and A: 


^ l{s-r-e-n(s-r-2+e-»)c. 


Qr,s 

A, 


r,s 


{Ur^s I <?), (2.9) 


^r,s — 1 ? 


( 2 . 10 ) 


Ur^s — 1 ^ ^ 1 ; 


( 2 . 11 ) 


Qr,s — (^ ~ 1)P + iSs-2 + Ss-4 + •••) + (efe+2-r + ^k+4-r + ■••)) (2-12) 


where p = ei + ... + ek-i, and 


0 r — s = 0 mod 2 
1 r — s = 1 mod 2 


(2.13) 


Here the addition of components in is done modulo 2, and afterward 
the projection on the plane perpendicular to ei is taken, i.e. the summation 
variable always takes positive integer values. We checked this conjecture 
by computer for low values of k to high order in q. 

Note that the symmetry of the conformal grid Xr,s = Xk-r,k+ 2 -s implies 
new identities relating sums of the form (2.6) with different characteristics. 

In closing this section we would like to stress the remarkable similar¬ 
ity between the formula (2.9) and the formula conjectured for the general 
Virasoro character of the minimal series Q. 


*The expression for the identity character xi,i conjectured in ref. Q is recovered from 
Eqs.(2.9-2.12). 
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3 Lattice Models and “Finitization” of GRR 


The classical way to prove identities (2.9) is to consider first stronger state¬ 
ment, namely the equality of finite polynomials which after taking infinite 
limit will lead to the generalized Rogers-Ramanujan identities. The “fini- 
tizated” version of GRR identities is known for the appropriate characters 
of the ordinary minimal models. It was conjectured and in some cases 
proved |^, |^, that the expressions for the local state probabilities (be¬ 
fore thermodynamic limit is taken) of the Andrews-Baxter-Forrester models 
coincide with appropriate finitizated fermionic expressions of the form (1.1). 
Below we will give the example showing that similar finitizated identities 
exist for the Virasoro characters of the minimal superconformal series. 

Consider lattice models which in the critical region correspond to the 
coset rational conformal field theory SU{2)k-2 x SU{2)2/SU{2)k [^]. The 
state variables I in these models can take the values / = 1, 2,..., k + 1. Two 
state variables h and I 2 siting on the same bond must obey admissibility 
condition: 


li ~ I2 <=> 


h-l2 = -2,0,2 
W I 2 — 4,6,.., 2k 


(3.1) 


The ground states are labeled by a pair of states, b and c, such that b ^ c. 
The local state probability is defined as the probability to find the state a 
at the ^ 0,0 site, for the (6, c) ground state. 


P{a\b,c) = ((5(a,Zo,o))- 


(3.2) 


In the regime III local state probability is given in terms 
configuration sum |]^|, 


of one dimensional 


<I>(a|6, c)= lim ^L{a\b,c), (3-3) 

L—»'Oo 

<hL(a|6, c) = 4lb+2~bl^ (3 4) 

k 

where li = a, In+i = b, ln +2 = c, and the sum goes over all admissible 
sequences /i ~ ^2 ~ ~ ^n+ 2 - Here q is related to the temperature-like 

parameter of the lattice model. 

It was shown in ref. that the configuration sum ^{a\b,c) is given 
in terms of branching functions Crsa of this coset rational conformal field 
theory SU{2)k-2 x SU{2)2/SU{2)k, 
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(3.5) 

(3.6) 


<^{a\b,c) = q'' Crsa, 

r = ^(6 + c-2), s = i(6-c + 4). 
Configuration sum <f>L(a|6, c) obeys the following recursion relations; 


<hL(a|6,c) = ‘^\^L_i{a\d,h), (3.7) 

d'-^b 

where the sum is taken over all d admissible with b. These relations together 
with boundary condition d>o(a|6, c) = 6afi uniquely determines configuration 
sum ^L{a\b, c). 

As an example we will consider the case A: = 4. Let us introduce the 
following notations: 


Fi(l|l,3)= ^ 


h 

l2,l^even 


Fi(l|3,l)= ^ 


\ 1 C 3 i 


h 

I2 ,i3ei;en 


IC31 


'¥2 

5(^1 + L) 


h \ 

^3 . 

^2 

'W 

'¥2 

W 1(1 1/ iriiC 

2 vl '■3 “T -‘-1 

h 

h 


h 


(3.8) 


(3.9) 


i^L(l|3,5) 


h 

l2^ven,l^odd 


'¥2 

'¥ 2 ' 

^(^1 + ^3 + L + 1 ) 

. . 

. ^3 . 

^2 


(3.10) 


i^L(l|5,3) 


E 

h 

l2even,l^odd 


'¥2 

'¥2 

^(^1 +H + L) 

. . 

. ^3 . 

I2 


Now we may formulate the following conjecture: 


(3.11) 


Fi(l|l,3) = 4 >l( 1|1,3), Fi(l|3,l) = 4 >l(1|3,1), (3.12) 

Fl(1|3,5) = $l(1|3,5), Fl(1|5, 3) = $l(1|5, 3), (3.13) 

where <hL(a|6, c) are defined from Eq. (3.4). In order to prove this statement 
we have to show that F/;,(a|6, c) obey recursion relation (3.7) together with 
the initial condition. 
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It is easy to show that Fj^(a|6, c) defined above satisfy the same initial 
condition as <I>L(a|6, c), namely: 


Fo(l|l,3) = «ho(l|l,3) = 1, 

(3.14) 

Fo(l|3,l) = ^o(l|3,l) =0, 

(3.15) 

Fo(l|5,3) = $o(l|5,3) =0, 

(3.16) 

Fo(l|3,5) = «ho(l|3,5) =0. 

(3.16) 


Let us rewrite the equations (3.7) relevant for our case in explicit form: 
^l(1|3,3) = ^l_i(1|3,3) + $l_i( 1|1,3)(?# +$i_i(l|5,3)(?#, (3.17) 


$l( 1|3, 1) = $L-i(l|l, 3) + ^l-i(1|3, 3)q^ + $l-i(1|5, 3)q^, (3.18) 


$l(1|3,5) = $l_i( 1|5,3) +$L_i(l|3,3)g^ + ^L_i(l|l,3)g^, (3.19) 

^l(1|1,3) =^l_i(1|3,1), (3.20) 

$l(1|5,3) =$l_i(1|3,5). (3.21) 

It is obvious that FL{a\b,c) defined above Eqs. (3.8-3.11) satisfy equations 
(3.20) and (3.21). It was checked for numerous values of parameter L that 
finitizated fermionic expressions FL{a\b,c) Eqs. (3.8-3.11) do coincide with 
appropriate ^L{a\b,c). 

Taking limit L ^ oo in equations (3.12-3.13) we obtain GRR identities 
for the branching functions of the coset SU{2)k_2 x SU{ 2 ) 2 /SU{2)^. Eor 
example: 


\ic^l 

Cm = hm Fl(1|1,3) = ^ —— 

h,h,l,even 


'¥2 


. . 

- 1 

_ 1 


ci 3 i = lim Fl{1\3, 1) = 

L—>00 


E 

l ^odd, 

I2 ,l^even 


qilCsl 

'¥ 2 ' 

\¥2] 

i<l)l2 

. . 

1- 

1_ 


(3.22) 

(3.23) 
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where the limit is taken for L even and we used 


Similarly we have; 


L -\- a 

hm 

L^oo n 


1 

{q)n' 


(3.24) 


C 311 = lim Fl(1|3,5) = ^ 

L^oo “ 

,t2eDen 

l^odd 


UC 3 I 


iQ)l2 


'¥2 


. . 

1- 

1_ 


C 331 = lim Fi,(l|5,3) = 

L—^OO 


E 

l2even 

jl^odd 


i<l)l2 


'¥2' 

'¥2 

. . 

. ^3 . 


(3.25) 


(3.26) 


From these identities immediately follow identities for the Virasoro charac¬ 
ters: 


NS 


Xi,i = Cm -I- C131 = 


E 

h 

I2 ,l^even 


A 1 C 3 I 


{q)i2 


'¥ 2 ' 

\¥2] 

. . 

1- 

1_ 


= C311 + C331 = 


E 

*1 

l2€,ven,l^odd 


AIC 3 I 


i<l)l2 


'¥2' 

1^2] 

. . 

-1 

_ 1 


(3.27) 


(3.28) 


We believe that results presented here may be generalized to other mod¬ 
els. In particular similarity between the fermionic sum representations for 
minimal and superconformal minimal models inspires to look for GRR re¬ 
lated to the branching functions/characters of the more general rational 
coset field theory SU{2)k x SU{2)m/SU{2)m+k ■ 
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